Suppose that X is an analytic subvariety of a Stein manifold M and that j is a plurisubharmonic (psh) function on X which is dominated by a continuous psh exhaustion function u of M. Given any number c > 1, we show that j admits a psh extension to M which is dominated by cu þ on M.
Introduction
Let X H C n be a (closed) analytic subvariety. An interesting problem is whether a plurisubharmonic (psh) function j on X extends to a psh function on C n . In the case when X is smooth, this is known to hold by a result of Sadullaev [S] (see also [BL] , Theorem 3.2). However, if information on the growth of j on X is known, this result does not provide any information on the growth of an extension to C n .
Using di¤erent methods, Coltoiu generalized this extension result to the case when X is singular ( [Co] , Proposition 2).
In this article we follow Coltoiu's approach and show that it is possible to obtain an extension with global growth control:
Theorem A. Let X be an analytic subvariety of a Stein manifold M and let j be a psh function on X . Assume that u is a continuous psh exhaustion function on M so that jðzÞ < uðzÞ for all z A X . Then for every c > 1 there exists a psh function c ¼ c c on M so that cj X ¼ j and cðzÞ < c maxfuðzÞ; 0g for all z A M.
psh function u on U. We refer to [FN] and [D2] , Section 1, for a detailed discussion of this notion. We note here that if j is not identically Ày on an irreducible component Y of X , then j is locally integrable on Y with respect to the area measure of Y . Let us stress that the more general notion of weakly psh function is not appropriate for the extension problem (see Section 3).
We then look at a similar problem on a compact Kähler manifold V . Here psh functions have to be replaced by quasiplurisubharmonic (qpsh) ones. These are functions which are locally the sum of a psh function and a smooth function. Given a Kähler form o, we let PSHðV ; oÞ ¼ È j A L 1 À V ; ½Ày; þyÞ Á : j is qpsh; dd c j f Ào É denote the set of o-plurisubharmonic (o-psh) functions. Here
If X H V is an analytic subvariety, we define similarly the class PSHðX ; oj X Þ of o-psh functions on X (see Section 2 for precise definitions).
By restriction, o-psh functions on V yield oj X -psh functions on X . Assuming that o is a Hodge form, i.e., a Kähler form with integer cohomology class, our second result is that every oj X -psh function on X arises in this way. Theorem B. Let X be a subvariety of a projective manifold V equipped with a Hodge form o. Then any oj X -psh function on X is the restriction of an o-psh function on V .
Note that in the assumptions of Theorem B there exists a positive holomorphic line bundle L on V whose first Chern class c 1 ðLÞ is represented by o. In this case the o-psh functions are in one-to-one correspondence with the set of (singular) positive metrics of L (see [GZ] ). Thus an alternate formulation of Theorem B is the following:
Theorem BO. Let X be a subvariety of a projective manifold V and L be an ample line bundle on V . Then any (singular) positive metric of Lj X is the restriction of a (singular) positive metric of L on V .
Recall that it is possible to regularize qpsh functions on P n , since it is a homogeneous manifold. Hence Theorem B has the following immediate corollary: Corollary C. Let X be a subvariety of a projective manifold V equipped with a Hodge form o. If j A PSHðX ; oj X Þ, then there exists a sequence of smooth functions j j A PSHðV ; oÞ which decrease pointwise on V so that lim j j ¼ j on X .
When X is smooth, this regularization result is well known to hold even when the cohomology class of o is not integral (see [D3] , [BK] ).
Corollary C allows to show that the singular Kähler-Einstein currents constructed in [EGZ1] have continuous potentials, a result that has been obtained recently in [EGZ2] by completely di¤erent methods (see also [DZ] for partial results in this direction).
We prove Theorem A in Section 1. The compact setting is considered in Section 2, where Theorem B is derived from Theorem A. In Section 3 we discuss the special situation when X is an algebraic subvariety of C n . As an application of Theorem B, we give a characterization of those psh functions in the Lelong class LðX Þ which admit an extension in the Lelong class LðC n Þ (see Section 3 for the necessary definitions). In particular, we give simple examples of algebraic curves X H C 2 and of functions h A LðX Þ which do not have extensions in LðC 2 Þ.
It is tempting to try and derive extension results in the case of singular X from extension in the smooth case via resolution of singularities. This is however a delicate task as the desingularization of X lies in an ambient manifold which is not Stein. It is also tempting to ask whether it is possible to construct, on the subspace of psh functions on X which are not identically Ày on any irreducible component of X , an extension operator with good topological properties.
Proof of Theorem A
The following proposition will allow us to reduce the proof of Theorem A to the case M ¼ C n . We include its short proof for the convenience of the reader. Proposition 1.1. Let V be a complex submanifold of C N and u be a continuous psh exhaustion function on V . Then there exists a continuous psh exhaustion functionũ u on C N so thatũ uj V ¼ u.
Proof. The argument is very similar to the one of Sadullaev ([S] , [BL] , Theorem 3.2). By [Si] It is well known that there exist entire functions f 0 ; . . . ; f N , so that
(see [C] , p. 63). The function r ¼ logð P j f k j 2 Þ is psh on C N and V ¼ fr ¼ Àyg.
Let D be an open set so that V H D H D H U. Since r is continuous on C N nV , we can find a convex increasing function w on ½0; þyÞ which verifies for every R f 0 the following two properties:
( is a continuous psh exhaustion function on
Employing the methods of Coltoiu [Co] , we now construct psh extensions with growth control over bounded sets in C n . Proposition 1.2. Let w be a psh function on a subvariety X H C n and let v be a continuous psh function on C n with w < v on X. If R > 0, there exists a psh functionw w ¼w w R on C n so thatw wj X ¼ w andw wðzÞ < vðzÞ for all z A C n with kzk e R.
Proof. We use a similar argument to the one in the proof of Proposition 2 in [Co] . Consider the subvariety A ¼ ðX Â CÞ W ðC n Â f0gÞ H C nþ1 , and let
Since v is continuous, r is a continuous psh exhaustion function on C nþ1 , so K is a polynomially convex compact set. As w < v on X , we have K X A H D. By [Co] , Theorem 3, there exists a Runge domainD D H C nþ1 , withD D X A ¼ D and K HD D. Let dðz; wÞ denote the distance from ðz; wÞ AD D to qD D in the w-direction. SinceD D is pseudoconvex, Àlog d is psh onD D (see e.g. [FS] , Proposition 9.2). Hencew wðzÞ ¼ Àlog dðz; 0Þ is psh on C n , as C n Â f0g HD D.
The proof of Theorem A proceeds like this. Given a partition
where m j % þy, we apply Proposition 1.2 inductively to construct an extension dominated in each ''annulus'' fm jÀ1 < u e m j g by g j u, where g j > 1 is an increasing sequence defined in terms of the m j 's. Theorem A will follow by showing that it is possible to choose fm j g rapidly increasing so that lim g j is arbitrarily close to 1.
We fix next an increasing sequence fm j g jfÀ1 so that
Define inductively a sequence fg j g jf0 , as follows:
Clearly, g j > g jÀ1 > 1 for all j > 1. Proposition 1.3. Let X , j, u be as in Theorem A with M ¼ C n , and let fm j g, fg j g be as above. There exists a psh function c on C n so that cj X ¼ j and for all z A C n we have cðzÞ < g j uðzÞ; if m jÀ1 < uðzÞ e m j ; j f 2; g 1 maxfuðzÞ; 0g; if uðzÞ e m 1 : & Proof. We introduce the sets
Since u is a continuous psh exhaustion function, K j is a compact set. Let
Then r j is psh on C n and (1) implies that
We claim that
Indeed, since g j f 1 and using (1), we obtain r j ðzÞ À uðzÞ ¼ ðg j À 1ÞuðzÞ À g j m jÀ1 À j f ðg j À 1Þm j À g j m jÀ1 À j (3) is proved.
Let j j ¼ maxfj; Àjg. We construct by induction on j f 1 a sequence of continuous psh functions c j on C n with the following properties:
Here the integral in (4) is with respect to the area measure on each irreducible component,
where the sum is over all irreducible components Y of X which intersect K and b is the standard Kähler form on C n . (Note that this is a finite sum.)
Assume that the function c jÀ1 is constructed with the desired properties. We construct c j by applying Proposition 1.2 with w ¼ j j and v ¼ c jÀ1 . (If j ¼ 1, c 1 is constructed in the same way by applying Proposition 1.2 with w ¼ j 1 and v ¼ c 0 .) By (4), j j e j jÀ1 < c jÀ1 on X (and for j ¼ 1, clearly j 1 < c 0 on X ). Therefore Proposition 1.2 yields a psh functionj j j on C n so thatj j j j X ¼ j j andj j j < c jÀ1 on K j . Using the standard regularization ofj j j and the dominated convergence theorem (as j j f Àj), we obtain a continuous psh functionc c j on C n which verifies
Moreover, since c jÀ1 is continuous, we can ensure by the Hartogs Lemma that we also havec c j ðzÞ < c jÀ1 ðzÞ for z A K j .
We now define
( By (5) and (2), we havec
Hence c j verifies (4). Finally, we have by (5), r j ¼ Àj < r jÀ1 e c jÀ1 on K jÀ1 (and for j ¼ 1,
So we have constructed a sequence of continuous psh functions c j on C n verifying properties (4)-(6). Since S jf1 D j ¼ C n , we have by (6) that the function
Suppose now that z A K j nD jÀ1 , for some j f 2, so m jÀ1 e uðzÞ e m j . By the above construction and property (5), we havẽ c c j ðzÞ < c jÀ1 ðzÞ ¼ r jÀ1 ðzÞ ) cðzÞ < c j ðzÞ e maxfr jÀ1 ðzÞ; r j ðzÞg e g j uðzÞ:
Similarly, for z A K 1 we have cðzÞ < c 1 ðzÞ e maxfr 0 ðzÞ; r 1 ðzÞg e g 1 maxfuðzÞ; 0g:
Hence c satisfies the desired global upper estimates on C n .
Property (4) implies that cðzÞ f jðzÞ for every z A X . Let K be a compact set in C n and Y be an irreducible component of X so that jj Y E Ày. By (4), we have that for all j su‰ciently large
ðj j À jÞ:
Assume now that Y is an irreducible component of X so that jj Y 1 Ày. Then using (4) and the Monotone Convergence Theorem, we conclude that
so cj Y 1 Ày. Therefore c ¼ j on X , and the proof is finished. r
Proof of Theorem A. We consider first the case M ¼ C n . Fix c > 1. We define inductively a sequence fm j g with the following properties:
and for j f 1, m j > m jÀ1 is chosen large enough so that
Since g j f g 0 ¼ 1, we have by (1), g j ðm j À m jÀ1 Þ e g jÀ1 ðm j À m jÀ2 þ 1Þ ) g j e g jÀ1 ð1 þ a j Þ:
ð1 þ a j Þ; log g e P y j¼1 a j e log c:
Let c ¼ c c be the psh extension of j provided by Proposition 1.3 for this sequence fm j g. Then for every z A C n we have cðzÞ < g maxfuðzÞ; 0g e c maxfuðzÞ; 0g:
Assume now that M is a Stein manifold of dimension n. Then M can be properly embedded into C 2nþ1 , hence we may assume that M is a complex submanifold of C 2nþ1 (see e.g. [H] , Theorem 5.3.9). Proposition 1.1 implies the existence of a continuous psh exhaustion functionũ u on C 2nþ1 so thatũ u ¼ u on M. By what we already proved, given c > 1 there exists a psh functionc c on C 2nþ1 which extends j and such thatc c < c maxfũ u; 0g on C 2nþ1 . We let c ¼c cj M . r
We end this section by noting that some hypothesis on the growth of u is necessary in Theorem A. Indeed, suppose that X is a k-dimensional submanifold of C n for which there exists a non-constant negative psh function j on X . An example of such X is given by the image of an embedding into C n (n ¼ 2k þ 1) of a bounded pseudoconvex domain in C k (see e.g. [H] , Theorem 5.3.9). Then any psh extension of j to C n cannot be bounded above. However, by Theorem A, given any e > 0 there exists a psh function c ¼ c e so that cj X ¼ j and cðzÞ < e log þ kzk on C n .
Extension of qpsh functions
Let V be a compact Kähler manifold equipped with a Kähler form o. Recall that PSHðV ; oÞ denotes the convex set of o-psh functions on V . We refer the reader to [GZ] for basic properties of o-psh functions.
Let X be an analytic subvariety of V . Recall that an upper semicontinuous function j : X ! ½Ày; þyÞ is called oj X -psh if j E Ày on X and if there exist an open cover fU i g i A I of X and psh functions j i , r i defined on U i , where r i is smooth and dd c r i ¼ o, so that r i þ j ¼ j i holds on X X U i , for every i A I . Note that in this case we allow j to be identically Ày on some (but not all) irreducible components of X . On the other hand, if j is not identically Ày on any irreducible component of X , then j is called strictly oj X -psh if it is ð1 À eÞoj X -psh for some small e > 0. The current oj X þ dd c j is then called a Kähler current on X (see [EGZ1] , Section 5.2). We denote by PSHðX ; oj X Þ, resp. PSH þ ðX ; oj X Þ, the class of oj X -psh, resp. strictly oj X -psh functions on X .
Every o-psh function j on V yields, by restriction, an oj X -psh function jj X on X , as soon as jj X E Ày. The question we address here is whether this restriction operator is surjective. In other words, is there equality PSHðX ; oj X Þ ¼ ? PSHðV ; oÞj X ?
2.1. The smooth case. We start with the elementary observation that smooth strictly o-psh functions can easily be extended.
Proposition 2.1. Let V be a compact Kähler manifold equipped with a Kähler form o, and let X be a complex submanifold of V . Then
We include a proof for the convenience of the reader, although this is probably part of the ''folklore'' (see e.g. [Sc] for the case where o is a Hodge form).
Proof. Let j A C y ðX ; RÞ be such that ð1 À eÞoj X þ dd c j f 0 on X , for some e > 0. We first choosej j to be any smooth extension of j to V . Consider c :¼j j þ Aw distðÁ; X Þ 2 ;
where w is a test function supported in a small neighborhood of X and such that w 1 1 near X . Here dist is any Riemannian distance on V , for instance the distance associated to the Kähler metric o. Then c is yet another smooth extension of j to V , which now satisfies ð1 À e=2Þo þ dd c c f 0 near X , if A is chosen large enough.
The function log À distðÁ; X Þ 2 Á is well defined and qpsh in a neighborhood of X . Let w be a test function supported in this neighborhood so that w 1 1 near X . The function u ¼ w log À distðÁ; X Þ 2 Á is No-psh on V for a large integer N. Moreover, expðuÞ is smooth and X ¼ fu ¼ Àyg. Replacing o by No, j by Nj, and c by Nc, we may assume that N ¼ 1. Set now
This again is a smooth extension of j, and a straightforward computation yields dd c c C f 2e 2c dd c c þ e uþC dd c u 2ðe 2c þ e uþC Þ :
This proof breaks down when j is singular and hence a di¤erent approach is needed. We consider in the next section the particular case when o is a Hodge form.
Note added to the proofs. Proposition 2.1 is also proved in [OV] , Theorem 4.1.
Proof of Theorem B.
We assume here that o is a Hodge form, i.e. that the cohomology class fog belongs to H 2 ðV ; ZÞ (more precisely to the image of H 2 ðV ; ZÞ in H 2 ðV ; RÞ under the mapping induced by the inclusion Z ,! R). We prove the following more precise version of Theorem B.
Theorem 2.2. Let X be a subvariety of a projective manifold V equipped with a Hodge form o. If j A PSHðX ; oj X Þ, then given any constant a > 0 there exists c A PSHðV ; oÞ so that cj X ¼ j and max
In the assumptions of Theorem 2.2 there exists a positive holomorphic line bundle L on V whose first Chern class c 1 ðLÞ is represented by o. By Kodaira's embedding theorem L is ample, hence for large k there exists an embedding p : V ,! P n such that L k ¼ p Ã Oð1Þ.
Replacing o by ko, j by kj, we can assume that L ¼ Oð1Þ, V is an algebraic submanifold of the complex projective space P n , and o ¼ o FS j V is the Fubini-Study Kähler form. Hence X is an algebraic subvariety of P n , and Theorem 2.2 follows if we show that o FS -psh functions on X extend to o FS -psh functions on P n . Therefore we assume in the sequel that X H V ¼ P n and o is the Fubini-Study Kähler form on P n . Let ½z 0 : Á Á Á : z n denote the homogeneous coordinates. Without loss of generality, we may assume that they are chosen so that no coordinate hyperplane fz j ¼ 0g contains any irreducible component of X .
Let yðzÞ ¼ log maxfjz 0 j; . . . ; jz n jg ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi jz 0 j 2 þ Á Á Á þ jz n j 2 q ; z ¼ ½z 0 : Á Á Á : z n A P n :
This is an o-psh function and for all z A P n , Àm e yðzÞ e 0; where m ¼ log ffiffiffiffiffiffiffiffiffiffiffi n þ 1 p :
We start by noting that Theorem A yields special subextensions of o-psh functions on X .
Lemma 2.3. Let e f 0 and u be a continuous ð1 þ eÞo-psh function on P n so that uðzÞ e 0 for all z A P n . If c > 1 and j is an o-psh function on X so that j < u, then there exists a co-psh function c on P n so that 1 c cðzÞ e 1 1 þ e uðzÞ; Ez A P n ;
and cðzÞ ¼ jðzÞ þ ðc À 1ÞyðzÞ þ ðc À 1Þ min z A P n uðzÞ; Ez A X :
Proof. Let M ¼ À min z A P n uðzÞ f 0:
We work first in an a‰ne chart fz j ¼ 1g 1 C n . Let X j ¼ X X fz j ¼ 1g and let r j f 0 be the potential of o in this chart with r j ð0Þ ¼ 0. Then j þ r j is psh on X j and since u e 0,
Note that ð1 þ eÞ À1 u þ r j þ M f 0 is a continuous psh exhaustion function on C n . Theorem A yields a psh functionc c on C n so that
The function c j ¼c c À cr j À cM extends uniquely to a co-psh function on P n which verifies c j e c 1 þ e u on P n :
Moreover, on X X fz j ¼ 1g we have
where y j ðzÞ ¼ log jz j j ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi jz 0 j 2 þ Á Á Á þ jz n j 2 q :
Hence c j ¼ Ày on X X fz j ¼ 0g.
We finally let c ¼ maxfc 0 ; . . . ; c n g. This is a co-psh function on P n which verifies the desired conclusions, since y ¼ maxfy 0 ; . . . ; y n g. r Proof of Theorem 2.2. Fix a > 0. Replacing j by j À max X j À a we may assume that max X j ¼ Àa. We will show that there exists a sequence of smooth o-psh functions j j on P n which decrease pointwise on P n to a negative o-psh function c so that c ¼ j on X .
Let X 0 be the union of the irreducible components W of X so that jj W E Ày. We first construct by induction on j f 1 a sequence of numbers e j & 0 and a sequence of negative smooth ð1 þ e j Þo-psh functions c j on P n so that for all j f 2
for every irreducible component W of X where jj W 1 Ày. Here the integrals are with respect to the area measure on each irreducible component X j of X , i.e.
Let e 1 ¼ 1, c 1 ¼ 0, and assume that e jÀ1 , c jÀ1 , where j f 2, are constructed with the above properties. Since j < c jÀ1 j X and the latter is continuous on the compact set X , we can find d > 0 so that j < c jÀ1 À d on X .
Let c > 1. By Lemma 2.3, there exists a co-psh function c c so that
We can regularize c c on P n : there exists a sequence of smooth co-psh functions decreasing to c c on P n . Therefore we can find a smooth co-psh function c 0 c on P n so that
By dominated convergence, resp. monotone convergence, we can in addition ensure that Ð e j < e jÀ1 =2; e j ðm þ M jÀ1 Þ < d 4 ; e j ð1 þ mjX 0 j þ M jÀ1 jX 0 jÞ < 1 j :
Then e j , c j have the desired properties.
We conclude that j j ¼ ð1 þ e j Þ À1 c j is a decreasing sequence of smooth negative o-psh function on P n , so that j j > ð1 þ e j Þ À1 j > j on X . Hence c ¼ lim j!y j j is a negative o-psh function on P n and c f j on X . Note that
for every irreducible component W of X where jj W 1 Ày. It follows that c ¼ j on X and the proof of Theorem 2.2 is finished. r
Algebraic subvarieties of C n
If X is an analytic subvariety of C n and g is a positive number, we denote by L g ðX Þ the Lelong class of psh functions j on X which verify jðzÞ e g log þ kzk þ C for all z A X , where C is a constant that depends on j. We let LðX Þ ¼ L 1 ðX Þ. By Theorem A, functions j A LðX Þ admit a psh extension in each class L g ðC n Þ, for every g > 1.1)
We assume in the sequel that X is an algebraic subvariety of C n and address the question whether it is necessary to allow the arbitrarily small additional growth. More precisely, is it true that
i.e. is every psh function with logarithmic growth on X the restriction of a globally defined psh function with logarithmic growth? We will give a criterion for this to hold, but show that in general this is not the case.
3.1. Extension preserving the Lelong class. Consider the standard embedding
where ½t : z denote the homogeneous coordinates on P n . Let o be the Fubini-Study Kähler form and let rðt; zÞ ¼ log ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi jtj 2 þ kzk 2 q be its logarithmically homogeneous potential on C nþ1 .
We denote by X the closure of X in P n , so X is an algebraic subvariety of P n . It is well known that the class PSHðP n ; oÞ is in one-to-one correspondence with the Lelong class LðC n Þ (see [GZ] ). Let us look at the connection between o-psh functions on X and the class LðX Þ.
The mapping F X : PSHðX ; oj X Þ 7 ! LðX Þ; ðF X jÞðzÞ ¼ rð1; zÞ þ jð½1 : zÞ;
is well defined and injective. However, it is in general not surjective, as shown by Examples 3.2 and 3.3 that follow.
Conversely, a function h A LðX Þ induces an upper semicontinuous functionh h on X defined in the obvious way:
The functionh h is in general only weakly o-psh on X , i.e. it is bounded above on X and it is oj X r -psh on the set X r of regular points of X . This notion is in direct analogy to that of weakly psh function on an analytic variety (see [D2] , Section 1). We do not pursue it any further here.
Note that h A F X À PSHðX ; oj X Þ Á if and only ifh h A PSHðX ; oj X Þ. The following simple characterization is a consequence of Theorem B.
Proposition 3.1. Let h A LðX Þ. The following are equivalent: 
&
The functionh h is not o-psh on X ¼ fy ¼ 0g W fy ¼ tg, hence h does not have an extension in LðC 2 Þ. Indeed, the maximum principle is violated along fy ¼ 0g near the point a ¼ ½0 : 1 : 0, sinceh hð½t : 1 : 0Þ ¼ 0 for t 3 0, whileh hð½t : 1 : tÞ ¼ 1.
With a little more e¤ort we can give an example as above where X is an irreducible curve. Let C ? ¼ Cnf0g. Then
The germ ðX ; aÞ has two irreducible components X 1 , X 2 , both are smooth at a, X 1 being tangent to the line fx ¼ 0g, and X 2 to the line ft ¼ 0g.
Note that in fact X H C ? Â C is the graph of the rational function y ¼ x 2 þ x À1 , x A C ? . If ðx; yÞ A X and x ! 0, then ðx; yÞ ! a along X 1 , while as x ! y, then ðx; yÞ ! a along X 2 . The function uðx; yÞ ¼ maxfÀlogjxj; 2 logjxj þ 1g is psh in C ? Â C. It is easy to check that h :¼ uj X A LðX Þ and lim sup X 1 C ½1:z!a À hðzÞ À rð1; zÞ Á ¼ 0; lim sup X 2 C ½1:z!a À hðzÞ À rð1; zÞ Á ¼ 1:
Hence h does not admit an extension in LðC 2 Þ.
We conclude this section with an example of a cubic X in C 2 and a psh function on X of the form h ¼ logjPj, where P is a polynomial, so that h admits a ''transcendental'' extension with exactly the same growth, but small additional growth is necessary if we look for an ''algebraic'' extension.
Proposition 3.4. Let X ¼ fx ¼ y 3 g and hðx; yÞ ¼ logj1 þ yj, so hj X A L 1=3 ðX Þ.
Given k f 1, there is a polynomial Q k ðx; yÞ of degree k þ 1 so that Q k ðy 3 ; yÞ ¼ ðy þ 1Þ 3k .
In particular, c k ¼ 1 3k logjQ k j A L ðkþ1Þ=3k ðC 2 Þ is an extension of hj X .
There exists no polynomial Qðx; yÞ of degree k so that Qðy 3 ; yÞ ¼ ðy þ 1Þ 3k . However, hj X has an extension in L 1=3 ðC 2 Þ.
Proof. We construct Q k by replacing y 3 by x in the polynomial ðy þ 1Þ 3k ¼ P 3k j¼0 3k j y j :
Since j ¼ 3½ j=3 þ r j , r j A f0; 1; 2g, it follows that Q k ðx; yÞ ¼ P 3k j¼0 3k j
x ½ j=3 y r j ¼ 3kx kÀ1 y 2 þ l:d:t:
We now check that there is no polynomial Qðx; yÞ of degree k so that Qðy 3 ; yÞ ¼ ðy þ 1Þ 3k . Indeed, if Qðx; yÞ ¼ P jþlek c jl x j y l , then Qðy 3 ; yÞ ¼ c k0 y 3k þ c kÀ1; 1 y 3kÀ2 þ l:d:t:
does not contain the monomial y 3kÀ1 .
Note that X ¼ fxt 2 ¼ y 3 g ¼ X W fag, where a ¼ ½0 : 1 : 0, so the germ ðX ; aÞ is irreducible. Proposition 3.1 implies that hj X has an extension in L 1=3 ðC 2 Þ. r
We conclude with some remarks regarding our last example. If X is an algebraic subvariety of C n and f is a holomorphic function on X , f is said to have polynomial growth if there is an integer Nð f Þ and a constant A so that j f ðzÞj e Að1 þ kzkÞ Nð f Þ ; Ez A X :
Then it is well known that there exists a polynomial P of degree at most Nð f Þ þ eðX Þ so that Pj X ¼ f , where eðX Þ > 0 is a constant depending only on X (see e.g. [B] and references therein). Estimates on eðX Þ are obtained in [B] . However, if X H P N is irreducible at each of its points at infinity, then by Proposition 3.1 the psh function h ¼ Nð f Þ À1 logj f j A LðX Þ has a psh extension in the Lelong class LðC n Þ.
On the other hand, Demailly [D1] has shown that in the case of the transcendental curve X ¼ fe x þ e y ¼ 1g any holomorphic function f on X , of polynomial growth, has a polynomial extension of the same degree to C n . Hence it is natural to ask if for this curve one has that LðX Þ ¼ LðC n Þj X .
